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8 4  Ale-' 
A s  v a r i o u s  types  of p e r t u r b a t i o n s  tend  t o  d r i v e  a geos t a t iona ry  
sa te l l i t e  away from i t s  p resc r ibed  p o s i t i o n ,  occas iona l  o r b i t  c o r r  ec- 
t i o n s  have t o  be c a r r i e d  o u t  by means of a s u i t a b l e  propuls ion  
system. I n  f u t u r e  g e o s t a t i o n a r y  miss ions ,  low t h r u s t  e l e c t r i c  propul- 
sion i s  l i k e l y  t o  be a p p l i e d  f o r  s t a t i o n  keeping because of 
cons ide rab le  mass sav ings .  I n  t h i s  paper a s t a t i o n  keeping s t r a t e g y  f o r  
e l e c t r i c  propuls ion.  systems is developed. Both t h e  unconstrained c a s e  
.and t h e  c a s e  where t h r u s t  o p e r a t i o n  c o n s t r a i n t s  are  p resen t  are  
considered and t e s t e d  by computer s imula t ion  of a r e a l i s t i c  example. 
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Unclass i f ied  and U n l i m i t e d  
S t a t i o n  Keeping o f  Geostat ionary S a t e l l i t e s  
by E l e c t r i c  Propulsion 
Summary 
A s  va r ious  types  o f  pe r tu rba t ions  tend t o  d r i v e  a geos t a t iona ry  
s a t e l l i t e  away from i t s  prescr ibed  p o s i t i o n ,  occasional  o r b i t  
c o r r e c t i o n s  have t o  be c a r r i e d  out by means o f  a s u i t a b l e  
propuls ion system. I n  f u t u r e  geos t a t iona ry  missions,  l o w  t h r u s t  
e l e c t r i c  propuls ion i s  l i k e l y  t o  be app l i ed  f o r  s t a t i o n  keeping 
because o f  cons iderable  mass savings.  I n  t h i s  paper a s t a t i o n  
keeping s t r a t e g y  f o r  e l e c t r i c  propuls ion  systems i s  developed. 
B o t h  t h e  unconstrained case and the  case where t h r u s t  opera t ion  
c o n s t r a i n t s  a r e  p r e s e n t  a r e  considered and t e s t e d  by computer 
s imula t ion  of a r e a l i s t i c  example. 
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1. In t roduc t ion  
The requirement,  t h a t  a geos t a t iona ry  s a t e l l i t e  must always be 
l o c a t e d  v e r t i c a l l y  above a p resc r ibed  f i x e d  po in t  o f  t h e  e a r t h ' s  
equator ,  presupposes an equa to r i a l  and c i r c u l a r  o r b i t  whose r o t a t i o n a l  
time co inc ides  w i t h  the  r o t a t i o n a l  dura t ion  o f  t h e  ea r th .  However, 
s ince  an exac t  geos t a t iona ry  o r b i t  cannot be r e a l i z e d  because o f  
unavoidable e n t r y  e r r o r s  and t h e  always a c t i n g  o r b i t  per turbances ,  
t he  l i m i t s  o f  al lowable devia t ions  f r o m  t h e  p re sc r ibed  p o s i t i o n  
p l ay  an important r o l e .  Depending on the  s i z e  o f  t h e  to l e rance  
window, t h e  o r b i t  must be cor rec ted  more o r  l e s s  f requent ly .  The 
v e l o c i t y  increments needed f o r  t h i s  purpose can be generated w i t h  
t he  a i d  of the  propvls ion systems incorporated i n  t h e  s a t e l l i t e .  
I n  gene ra l  t he  l a t t e r  a r e  mounted such t h a t  t h r u s t s  a r e  p o s s i b l e  
i n  d i r e c t i o n s  t a n g e n t i a l  and normal t o  the  o r b i t  independent o f  
one another .  
From t h e  requirement,  on the one hand t o  maintain t h e  l i m i t s  
o f  t he  to l e rance  window, and on  t h e  o ther  hand t o  a l s o  save f u e l ,  
one can der ive  f o r  a prescr ibed  propuls ion system t h e  optimum 
c o r r e c t i o n  s t r a t e g y  which s p e c i f i e s  t h e  t h r u s t  times. Here one 
ob ta ins  f o r  t he  e l e c t r i c a l  propuls ion systems planned t o  be deployed 
i n  the  f u t u r e  t o  an inc reas ing  degree, considerable  d i f f e r e n c e s  
as compared t o  t h e  today conventional chemical engines because o f  
t he  l o w  t h r u s t  l e v e l .  The advantage of e l e c t r i c a l  propuls ion l i e s  
i n  t h e  considerable  weight savings f o r  missions o f  long du ra t ion  
c119 c q .  
On t h e  o the r  hand, the  low t h r u s t  l e v e l  has a disadvantage i n  
t h a t  numerous and long dura t ion  t h r u s t s  a r e  necessary f o r  s t a t i o n  
keeping, which under c e r t a i n  circumstances d i s t u r b  t h e  remaining 
mission opera t ion .  I n  add i t ion  t h e  high energy requirement can 
l e a d  t o  t h e  f a c t  t h a t  t he  a l r eady  low t h r u s t  l e v e l  and t h r u s t  
t imes must be r e s t r i c t e d  i f  the  l i m i t e d l y  ava i l ab le  energy i s  needed 
a t  the  same time f o r  o ther  mission purposes C3J. 
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If no such c o n s t r a i n t s  need t o  be taken i n t o  account,  t h e  
r equ i r ed  t h r u s t  t imes can be c a l c u l a t e d  a n a l y t i c a l l y ,  But a l s o  
i n  those c a s e s ,  where c o n s t r a i n t s  e x i s t  and a r e  known f o r  some time 
i n  advance, t h e  optimal c o r r e c t i o n  s t r a t e g y  can be found w i t h  t he  
a i d  o f  known opt imizat ion methods. 
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Since  t h e  c l a s s i c a l  o r b i t a l  elements f o r  t h e  geos t a t iona ry  
case a r e  i n  p a r t  undefined, i t  i s  u s e f u l  t o  in t roduce  another  s e t  





= (n-n ) / n  
g g  
= e s i n ( w t 0 )  
= ecos(o+Q) 
i = sin-  sinR 2 
i = s i n -  cos0 2 
= M+!J+o-L , 
whereby 
n = average motion of t he  s a t e l l i t e  
a , e , i ,Q ,o ,P~  = c l a s s i c a l  o r b i t  elements 
L = r i g h t  ascension of the  geos t a t iona ry  
= angular  v e l o c i t y  of t he  r o t a t i o n  of 
r equ i r ed  po in t  
t h e  e a r t h  
g 
n 
P = geocent r ic  g r a v i t a t i o n  cons tan t  
The elements D ,  h ,  1, p ,  q ,  X a r e  a l s o  wel l  def ined f o r  
c i r c u l a r  and equa to r i a l  o r b i t s  as dimensionless q u a n t i t i e s  and 
disappear a l toge the r  f o r  undisturbed, exac t  geos ta t ionary  orb i t s ,  
They descr ibe  the  motion o f  t he  s a t e l l i t e  around t h e  e a r t h  and thus 
a l s o  t h e  devia t ion  of  i t s  apparent  p o s i t i o n  from t h e  r equ i r ed  po in t .  
D i s  the  d r i f t  r a t e  normalized w i t h  r e spec t  t o  t h e  r o t a t i o n  of t h e  
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e a r t h ;  X i s  t h e  average devia t ion  f r o m  t h e  r equ i r ed  po in t  while  t h e  
p a i r s  ( 1 , h )  and ( q , p )  e s s e n t i a l l y  r ep resen t  t he  e c c e n t r i c i t y -  and 
i n c l i n a t i o n  vec to r .  
A s  a r e s u l t  o f  the  pe r tu rba t ions  t h e  geos t a t iona ry  elements 
a r e  f u n c t i o n s  o f  time which can be subdivided i n t o  secu la r  and 
pe r iod ic  terms. If one r e s t r i c t s  himself t o  per turbances o f  t h e  
f i r s t  o r d e r ,  one encounters p r imar i ly  terms w i t h  per iods  o f  f r a c t i o n s  ,& 
o f  a day, one moon o r b i t ,  and one yea r .  Disturbance terms wi th  
longer  pe r iods ,  e .g .  o rb i t ing  t imes o f  t h e  apsides  and the junc t ions  
o f  the  l u n a r  o r b i t  can be t r e a t e d  during t h e  s t a t i o n  keeping problems 
as secu la r  pe r tu rba t ions ,  On the  o ther  hand the  sho r t -pe r iod ica l  
p e r t u r b a t i o n s  w i t h  per iods  below one day must be accepted as 
unavoidable dev ia t ions  s ince ,  w i t h  t h e  p r e s e n t l y  a v a i l a b l e  propuls ion  
systems, i t  i s  e i t h e r  i n e f f e c t i v e  o r  e x n  impossible t o  c o n t r o l  them. 
The d is turbances  o f  t h e  geos ta t ionary  pa th  a r e  caused p r i m a r i l y  
by the  th ree -ax i s  n a t u r e  o f  the  e a r t h  p o t e n t i a l ,  t h e  g r a v i t a t i o n  
f r o m  sun and moon., and by t h e  solar r a d i a t i o n  pressure .  The 
a n a l y t i c a l  d e s c r i p t i o n  can be s impl i f i ed  [5] because o f  t he  s p e c i a l  
p r o p e r t i e s  o f  t h e  geos ta t ionary  o r b i t  compared t o  t he  very  complex 
gene ra l  p e r t u r b a t i o n  theory,  
F igures  1 t o  3 present  examples f o r  t h e  time v a r i a t i o n  o f  t h e  
geos t a t iona ry  elements as t h e  r e s u l t  o f  o r b i t  p e r t u r b a t i o n s .  If 
one r e q u i r e s  a t o l e r a n c e  window o f  +0. lo  i n  l e n g t h  and w i d t h ,  then 
- without t ak ing  i n t o  account t h e  shor t -per iodic  e f f e c t s  - t h e  
north-south l i m i t s  f r o m  an i n i t i a l l y  exac t  geos t a t iona ry  o r b i t  a r e  
v i o l a t e d  i n  t h i s  case a f t e r  33 days, t h e  east-west l i m i t s  a l r e a d y  
a f t e r  abou2 20 days. These times a r e  shortened s t i l l  more i f  t h e  
unavai lab le  sho r t -pe r iod ic  e f f e c t s  a r e  taken i n t o  account. 
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2. S t a t i o n  keeping s t ra tegy  
I n  order  t o  prevent  t h e  d r i f t i ng  o f  t h e  s a t e l l i t e  ou ts ide  o f  
t h e  to l e rance  window, t h e  o r b i t  i s  co r rec t ed  f r o m  time t o  time. 
This  i s  done w i t h  t he  a i d  o f  a propuls ion  system which c o n s i s t s  o f  
s e v e r a l  engines and which produce t h e  necessary t h r u s t s .  
The s p e c i f i c a t i o n  o f  t h e  t h r u s t  t imes f o r  a l l  engines t ak ing  
i n t o  account t h e  to l e rance  window and t h e  requirement f o r  minimum 
f u e l  consumption i s  t h e  t a s k  o f  t h e  s t a t i o n  keeping s t r a t egy .  A s  
a l r eady  mentioned in  t h e  in t roduc t ion ,  i t  i s  n e i t h e r  p o s s i b l e  nor 
d e s i r a b l e  he re  t o  compensate f o r  a l l  appearing d is turbance  
a c c e l e r a t i o n s .  Rather i t  makes much more sense t o  c o r r e c t  only t h e  
long-term a c t i n g  e f f e c t s  f r o m  time t o  time while t he  shor t -per iod  
p e r t u r b a t i o n s  a r e  taken i n t o  account on an o v e r a l l  basis by 
corresponding reduct ion  of the  window l i m i t s .  Under "long-term" 
we understand here a l l  s ecu la r  e f f e c t s  and the  pe r iod ic  p e r t u r b a t i o n s  
wi th  pe r iods  of more than  30 days. Thus t h e  o r b i t  c o r r e c t i o n s  t o  
be made need t o  be c a l c u l a t e d  only f r o m  t h e  dis turbance e f f e c t s  
which, f o r  i n s t a n c e ,  a r e  shown i n  f i g u r e s  1 t o  3 as s o l i d  curves.  
The conventional s t a t i o n  keeping makes use o f  a type o f  
"wait-and-see s t r a t e g y "  : By means o f  continuous o r b i t  determinat ion 
one f o l l o w s ,  e .g . ,  t h e  p o s i t i o n  o f  p o i n t s  ( q , p )  i n  f i g u r e  3 long  
enough u n t i l  i t  reaches t h e  to l e rance  l i m i t  - reduced by the  value 
o f  t h e  shor t -per iod  d is turbances  - and then  c o r r e c t s  elements q 
and p by a t h r u s t  d i r e c t e d  northward o r  southward i n  such a way 
t h a t  ( q , p )  i s  d isp laced  t o  t h e  opposi te- lying edge o f  t h e  window. 
S imi l a r  methods apply f o r  t h e  east-west c o r r e c t i o n s  where t h e  
condi t ions  a r e  somewhat more complicated only because t h e  f o u r  elements 
D ,  h ,  1, h cannot be co r rec t ed  independently o f  one another .  If the  
p e r t u r b a t i o n s  o f  the e c c e n t r i c i t y  a r e  only r e l a t i v e l y  small, i t  
s u f f i c e s  t o  reverse  by means o f  a t a n g e n t i a l  t h r u s t  t h e  a l g e b r a i c  
sign o f  t he  d r i f t  rate D. With c o r r e c t  dosing the  p o i n t  (X,D) then 
desc r ibes  a parabola  which u t i l i z e s  only a p a r t  o f  t h e  allowable 
to l e rance  window, while t h e  remainder i s  taken  up by the  e c c e n t r i c i t y  
e f f e c t s  which were co r rec t ed  only p a r t i a l l y  o r  not a t  a l l  [6J. 
However, t h e  na r row to le rance  windows o f  f u t u r e  geos t a t iona ry  
s a t e l l i t e s  as we l l  as the  considerable  p e r t u r b a t i o n s  caused by 
rad ia t ion  pressure  on t h e  l a r g e  s o l a r  paddles  w i l l  a l s o  r e q u i r e  an 
ex tens ive  c o r r e c t i o n  o f  t h e  e c c e n t r i c i t y .  I n  these cases  a t  l e a s t  
t w o  s epa ra t e  t a n g e n t i a l  t h r u s t s  a r e  m c e s s a r y  f o r  a complete 
east-west co r rec t ion .  
For  t h e  example shown i n  f i g u r e s  1 t o  3 a north-south c o r r e c t i o n  
would have t o  be made, according t o  t h i s  s t r a t e g y ,  about every 60 days 
and an east-west c o r r e c t i o n  every 40 days. 
The r e l a t i v e l y  l a r g e  north-south t h r u s t s  inc lude ,  as the  r e s u l t  
o-F unavai lab le  o r i e n t a t i o n  e r r o r s  under c e r t a i n  circumstances a 
no t i ceab le  non-calculable east-west component, which makes 
premature east-west co r rec t ions  necessary.  Therefore t h e  s t a t i o n  
keeping s t r a t e g y  i s  usua l ly  arranged such t h a t  a few day? a f t e r  
every north-south c o r r e c t i o n  an east-west  co r rec t ion  f o l l o w s  [7]. 
The convent ional  "wait-and-see s t r a t e g y "  cannot be used f o r  
s t a t i o n  keeping with e l e c t r i c a l  engines because t h e  t h r u s t  l e v e l ,  
lower by a f a c t o r  of about 1000, i s  not s u f f i c i e n t  t o  achieve t h e  
necessary i n c l i n a t i o n  changes o f  0.2' w i t h  a s i n g l e  t h r u s t .  This  
could only be done i n  numerous small s t e p s  and would take  t o o  much 
time s ince  t h e  p e r t u r b a t i o n  e f f e c t s  a r e  counteract ing.  
t h a t  t h e  TV s a t e l l i t e  weighing 1058 kg and planned f o r  1983 i s  
p rope l l ed  d a i l y  f o r  6 hours w i t h  16.4 m N ,  one would r equ i r e  about 
170  days f o r  t he  des i r ed  north-south c o r r e c t i o n .  
If one assumes 
When us ing  e l e c t r i c a l  propuls ion systems i t  makes no sense 
t h e r e f o r e ,  t o  w a i t  u n t i l  t h e  window l i m i t s  have been v i o l a t e d ,  
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bu t  r a t h e r  t o  c o r r e c t  t h e  o r b i t  by s m a l l  amounts i n  i n t e r v a l s  as 
s h o r t  as p o s s i b l e .  F o r  example, one could ca r ry  out t h e  north-south 
s t a t i o n  keeping i n  such a way t h a t  t h e  po in t  ( q , p )  i s  brought back 
[8] d a i l y  t o  t he  o r i g i n  (0,O). However, here  one must consider  t h e  
s m a l l  value o f  t h e  changes o f  the  o r b i t  p lane,  caused by the  d i s tu rb -  
ances ,  of only about O . O 0 Z o  per  day, which under c e r t a i n  circumstances 
can be found by o r b i t  determinat ions j u s t  barely o r  only wi th  
considerable  e r r o r s .  Thus by the  use o f  such a "one-day s t r a t e g y "  
one encounters t he  danger t o  c o r r e c t  along w i t h  increased  f u e l  
consumption dev ia t ions  which i n  r e a l i t y  do not  e x i s t ,  bu t  which 
a r e  only s imulated by o r b i t  determinat ion e r r o r s .  
I n  order  t o  avoid t h i s  as fa r  as  p o s s i b l e ,  one can, t o  be s u r e ,  
r e t a i n  t h e  d a i l y  c o r r e c t i o n s ,  but spec i fy  them each time only i n  
accordance wi th  l a r g e r  time i n t e r v a l s .  
The o r b i t  i s  determined continuously and by tak ing  i n t o  account 
t he  d a i l y  co r rec t ions .  I f  a cycle  o f  dura t ion  T has passed, t h e  
dura t ion  o f  t h e  next  cyc le  and t h e  t h r u s t  times a r e  s p e c i f i e d  such 
t h a t  the  t a r g e t  o r b i t  i s  reached nominally a t  t h e  end o f  t h e  new 
cycle .  The c o r r e c t i o n s  t o  be made f o r  t h e  elements AEi a r e  
obtained f r o m  the  i n i t i a l  values  Ei 
determinat ion and t h e  dis turbance e f f e c t s  6Ei during t h e  next  cyc le .  
0 determined f r o m  t h e  o r b i t  
whereby Ef a r e  t h e  elements o f  the t a r g e t  o r b i t .  
The t h r u s t  t imes can be ca l cu la t ed  f r o m  T and f r o m  t h e  O E i ' s  
w i t h  the  a i d  of formulas which w i l l  be derived i n  t h e  next  s ec t ion .  
Such a long-durat ion s t r a t e g y  has  the  following advantages:  
- Observations from a longer  dura t ion  timespan a r e  a v a i l a b l e  
which make poss ib l e  a more accurate  o r b i t  determination. 
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The d e v i a t i o n s I ' f r o m t h e r e q u i r e d  o r b i t  have grown as the  r e s u l t  
o f  t h e  o r b i t  model- and execution e r r o r s  a f t e r  time T t o  a 
more d i s t i n c t l y  recognizable value.  
The time T can be se l ec t ed  appropr i a t e ly  f r o m  the  requirement 
whereby t h e  magnitude o f  t h e  var ious  e r r o r s  and mission- 
engineering reasons can p l ay  a r o l e .  
Ca lcu la t ion  o f  t h e  t h r u s t  t imes f o r  unconstrained s t a t ion  keeping 
F o r  a to l e rance  window o f  t h e  order o f  magnitude o f  - + 0 , l o  a l l  
o r b i t  co r rec t ions  t o  be considered can be considered as d i f f e ren -  
t i a l l y  small and those pe r tu rba t ion  equat ions can be used f o r  t h e i r  
determinat ion which assume f o r  t he  geos ta t ionary  o r b i t  elements t h e  
fol lowing s i m p l i f i e d  f o r m  141: 
li - i s  1 (-bRcosL+2bTsinL) 
= - 1 (b sinL+2bTcosL) i V R  
2V N b sinL P = -  
; 1 = -  b COSL 
2v N 
Here V =: 3.074647 km/s i s  the  o r b i t  v e l o c i t y .  
Since only p e r t u r b a t i o n s  o f  1. order a r e  o f  i n t e r e s t ,  we 
introduced on t h e  right-hand s i d e  the  va lues  of  the  exact  geos ta t ionary  
o r b i t .  
components i n  radial ,  t a n g e n t i a l ,  and normal d i r e c t i o n  with r e s p e c t  
t o  t h e  o r b i t .  They can a l s o  be i n t e r p r e t e d  as t h e  a c c e l e r a t i o n  
caused by one engine o r  by a combination o f  s eve ra l  engines. If one 
The q u a n t i t i e s  bR , bT-, bN a r e  the  d is turbance  a c c e l e r a t i o n  
9 
assumes these  t o  be cons tan t  and considers  t ha t  t he  l e n g t h  L inc reases  
l i n e a r l y  wi th  time, one ob ta ins  the  o r b i t  c o r r e c t i o n  r e s u l t i n g  f r o m  
K t h r u s t s  by i n t e g r a t i o n :  
3 A D = - -  
'X bTkTk ' k=l 
L I Ah = - Z (-b Rk COSL k +2LTksinLk) sin7nrk 
Vn k=l 
1 
K 2 k  
K 
1 t bNksinL, sin-nr Ap = - "* k=l 
1 
k 2 k  
K 
1 1 bNkcosL sin-nr A q  = - 
Vn k=l 
Here bRk, bTky bNk a r e  t h e  a c c e l e r a t i o n  components, -rk t h e  dura t ion  
and Lk t h e  a r i t hme t i c  mean f r o m  t h e  l eng th  a t  t h e  beginning and a t  
t h e  end of  t h e  kth t h r u s t .  AXo i s  t h e  c o r r e c t i o n  f o r  t h e  average 
epoch devia t ion .  The c o r r e c t i o n  OP the  mean devia t ion  at  a time TE 
a f t e r  the  e x p i r a t i o n  
k dr i f t  r a t e  changes 
where denotes t h e  
o f  a l l  t h r u s t s  i s  obtained as t h e  r e s u l t  o f  
as 
E" l e n g t h  a s soc ia t ed  with T 
10 
O n  t h e  l e f t -hand  s i d e  o f  equations (4 )  t o  ( 8 )  one f i n d s  t h e  
des i r ed  co r rec t ions  while t h e  des i red  maneuver parameters L 
appear on t h e  r ight-hand s i d e ,  f r o m  which one can determine t h e  
s t a r t i n g  times according t o  t h e  r e l a t i o n  
and rk k 
With to we denote t h e  s tar t ing time o f  t he  cycle ,  w i t h  XE t h e  
e a s t e r n  l eng th  of t h e  geos t a t iona ry  requi red  p o i n t ,  and w i t h  BG 
t he  s i d e r e a l  time o f  t h e  meridian o f  Greenwich. On the  l e f t  s i d e  
the  odd i n d i c e s  apply f o r  t h e  s t a r t i n g  t imes and the  even ones 
f o r  t h e  shut-off t imes.  
The va lues  f o r  bRk, bTk, and bNk a r e  f i x e d  by the  
system and t h e  mass o f  t h e  s a t e l l i t e  which, with good 
can be assumed t o  be cons tan t .  




v e l o c i t y  
K 
'k'k (10) AV = k= 1 
The bk va lues  a r e  composed of t he  amount o f  the  a c c e l e r a t i o n  generated 
by t h e  ind iv idua l  engines ,  which take p a r t  i n  t h e  k th t h r u s t  S ince  
t h e  engines can f r equen t ly  no t  be a l igned  r a d i a l l y ,  t a n g e n t i a l l y ,  
o r  normally but  r a t h e r  must be s e t  a t  a given angle ( f i g u r e  5 ) ,  
only the  p r o j e c t i o n s  of t h e  t h r u s t s  on these  p r i n c i p a l  d i r e c t i o n s  
a r e  e f f e c t i v e  s o  t h a t  t he  value o f  t he  a c c e l e r a t i o n  a c t i n g  on the  
o r b i t  i s  +b2 +b2' < = bk a 
&Rk Tk Nk 
11 
From t h e  system o f  equat ions ( 4 )  t o  ( 8 )  one can der ive  t h e  
f 011 owing : 
K 2 3 i s  a necessary p r e r e q u i s i t e  f o r  t he  c o r r e c t i o n  o f  a l l  
6 o r b i t  elements. 
a t  K > 3 a d d i t i o n a l  c r i t e r i a  must be used, such as t h e  
minimization o f  t he  f u e l  consumption. 
One can dispense w i t h  radial  a c c e l e r a t i o n  components s ince  a l l  
co r rec t ions  achievable thereby can be obtained a l s o  - and more 
e f f e c t i v e l y  - with t h e  t a n g e n t i a l  components. 
S ince  equation ( 6 )  con ta ins  o n l y  t h e  bNk va lues  and t h e  remaining 
equat ions only t h e  bTk (and bRk) t h e  north-south c o r r e c t i o n s  
( n p ,  A q )  can be c a r r i e d  out  independent o f  t h e  east-west  
co r rec t ions  ( A D ,  A h ,  Al, AX), i n s o f a r  as t h e  propgls ion  
system can a l s o  genera te  t h e  north-south o r  east-west t h r u s t s  
independently o f  one another  
F o r  s h o r t  t h r u s t  t imes t h e  sine2n.r can be replaced by t h e  
arguments s o  t h a t  on t h e  r ight-hand s i d e  only t h e  v e l o c i t y  
increments L V T k  = b z e t c .  still appear,  such  as is 
t h e  case f o r  pulse-shaped co r rec t ions .  
For an unequivocal s o l u t i o n  f o r  rk and Lk 
Tk k 
North-south co r rec t ions  : 
The co r rec t ions  o f  t he  o r b i t s  a r e  determined s o l e l y  by equat ions 
Under the assumption o f  equal normal components o f  t he  t h r u s t  ( 6 ) .  
v e c t o r s ,  t h a t  i s  bNk = bN = cons tan t ,  one can show t h a t  t h e  fol lowing 
s o l u t i o n  i s  optimal f r o m  a f u e l  consumption s tandpoin t :  /It 
AD Lk = a r c t a n  - + 2(k-l)n k=l,. , . ,i; 
*GI 
(11 )  
= L 1  
2 
k n ‘I; = - arcsin ( 
12 
whereby 
- l-l 'i 5 LIS 5 f o r  bN > 0 , 
n 3 
2 2 + - I L I I  -n for bN < 0 . 
If t h r u s t s  o f  t h e  same value a r e  p o s s i b l e  also i n  opposi te  
d i r e c t i o n s ,  then bNk = (-l)k-lbN and 
( 1 2 )  Lk = arc tan  - A D  + (k-lln k=i,...,~ 
A q  
w i t h  
- 2 < L , < -  TI T I  
2 
Equations (11) and (12) s t a t e  t h a t  f o r  a p resc r ibed  north-south 
c o r r e c t i o n  by means o f  K t h r u s t s  one must c a r r y  out  each time a t  
a given l e n g t h  p o s i t i o n  o r  t w o  opposi te ly- lying l e n g t h  p o s i t i o n s  
o f  t h e  s a t e l l i t e  t h r u s t s  o f  equal dura t ion  i n  i t s  o r b i t ,  if t h e  
f u e l  consumption i s  t o  be minimized a t  t h e  same time. If the  
po in t  ( q , p )  i s  t o  be transposed i n  the  d i r e c t i o n  t o  t h e  o r i g i n  
( O , O ) ,  t h a t  i s  ( A q ,  Ap) = a ( q , p ) ,  then  according t o  equat ions ( 1 2 )  
and (1) the  Lk values  coincide w i t h  t h e  junct ion of  t h e  i n i t i a l  o r b i t .  
The value o f  the  normal component o f  t he  v e l o c i t y  increment 
decreases  f o r  an increas ing  number of t h r u s t s  K with t h e  l i m i t i n g  
va lue  hV; - I 2VJA pz + A q  ' f o r  K-w, as one can recognize by t h e  
example o f  f i g u r e  4. 
many t h r u s t s  as poss ib l e  and thus  as shor t  as poss ib l e .  
w i th  t h e  r e l a t i v e l y  high t h r u s t  l e v e l  o f  a chemical engine ( E  1 0  N) 
one ob ta ins  f o r  a 1000 kg s a t e l l i t e  mass the  optimum l i m i t i n g  value 
Thus one should ca r ry  out  i n  p r i n c i p l e  as 
However, /17 
p r a c t i c a l l y  a l ready  w i t h  a s i n g l e  t h r u s t .  On the  other  hand the  
lower t h r u s t  l e v e l  o f  e l e c t r i c a l  engines can l e a d  t o  the  f a c t  t h a t  
f o r  K < Kcrit 
no s o l u t i o n  e x i s t s .  This  c o n s t r a i n t  p l ays  a deciding r o l e  i n  t h e  
design of the  s t a t i o n  keeping s t r a t e g y  f o r  e l e c t r i c a l  p ropuls ion  
systems. 
East-west co r rec t ions :  
The co r rec t ion  o f  t he  long i tud ina l  deviat ions f r o m  the  geos ta t ionary  
required po in t  i s  determined by equat ions (41, (51, and ( 8 ) ,  whereby 
the  rad ia l  acce le ra t ion  components a r e  s e t  as l+k = 0, s ince  a l l  
o r b i t  changes can be c a r r i e d  out more e f f e c t i v e l y  w i t h  t h e  
t a n g e n t i a l  components bTk. A t  l e a s t  K = 2 t h r u s t s  a r e  necessary 
four  condi t ions.  The general  so lu t ion  o f  t he  
system is  no t  poss ib l e  i n  closed form,  bu t  one can 
i t e r a t i v e l y  i f  one uses  f o r  t he  f i rs t  s t e p  t h e  
t o  s a t i s f y  a l l  
t ranscendental  
reach the’  goal  
approximation 
1 1 
2 k  2 k .  (15) sin-nr M -nr 
T h i s  s i m p l i f i c a t i o n  can be j u s t i f i e d  by the  f a c t  t h a t  t h e  
east-west co r rec t ions  necessary  f o r  s t a t i o n  keeping r e q u i r e  only 
a f r a c t i o n  o f  the  v e l o c i t y  requirement f o r  the  north-south 
cor rec t ions .  Thus the  burning t imes a l s o  become correspondingly 
s h o r t e r  and mostly l i e  be low 4 hours ,  whereby the  devia t ion  
between the  s i n e  and the  argument i s  about  5%. 
considers  t he  case K = 2 ,  then the  equat ions (b), 
be transformed a f t e r  t h e  in t roduct ion  o f  
as f o l l o w s :  
= - -  ' AD 3 v7+v2 
V ? + ~ V , V ~ C O S A L + V ~  - -   A (Ah2+A12) 4 
The s o l u t i o n  o f  t h e  f irst  t w o  equat ions (17 )  f u r n i s h e s  t h e  
va lues  f o r  v and v2 as a func t ion  o f  t h e  s t i l l  undetermined 
parameters AL,  whereby Ll i s  obtained f r o m  t h e  3. equat ion.  If 
one has  found f o r  a s p e c i f i c  value &Lo t h e  a s soc ia t ed  va lues  o f  
1 
0 0 0 
v1 v2 , L1 , then  one a l s o  has 
s o l u t i o n s  which, however, gene ra l ly  d o  no t  s a t i s f y  the  4. equation. 
However, t h i s  can be obtained by a v a r i a t i o n  o f  .&Lo by i t e r a t i o n .  
Thus one obta ins  a 2-parameter group o f  s o l u t i o n s  which, however, 
do not n e c e s s a r i l y  e x i s t  f o r  a l l  p a i r s  of numbers ml ,  m 2 .  
The t a n g e n t i a l  v e l o c i t y  increment i s  
f o r  vlv2 > 0 
L 1 1 ( 1 9 )  AVT - 18 AD2(l+cosAL)/si"~ALfor v1v2 < 
m d  becomes a minimum f o r  an opposite s i g n  o f  v 
Therefore one should be a b l e  t o  s e l e c t  f r o m  t h e  mult i tude o f  so lu-  
t i o n s w i t h o p p o s i t e l y  d i r e c t e d  t h r u s t s  those w i t h  t h e  s m a l l e s t  value 
f o r  AZO = n. k 
o f  n-ALo.  
same d i r e c t i o n  r e q u i r e  t h e  same amount o f  f u e l  s i n c e  t h e  s e l e c t i o n  
must be made i n  accordance w i t h  o ther  c r i t e r i a .  
On t h e  other  hand, a l l  s o l u t i o n s  w i t h  t h r u s t s  i n  t h e  
F o r  moderate accuracy requirements i t  i s  no t  abso lu t e ly  necessary 
t o  s a t i s f y  a l l  4 equations ( 1 7 ) .  Thus i t  i s  customary, f o r  i n s t ance ,  
f o r  conventional east-west s ta t ion keeping t o  s a t i s f y  only t h e  f i rs t  
3 condi t ions  w i t h  A L o  = n, t h a t  i s , op t ima l ly  f r o m  a f u e l  requirement ,  
while t h e  last  requirement i s  s a t i s f i e d  only approximately by a 
s u i t a b l e  choice of ml and m2. Vice-versa one can a l s o  proceed i n  a 
manner where one so lves  the  l a s t  3 equat ions (17) w i t h  A L o  = n and 
s e l e c t  f r o m  t h e  r e s u l t i n g  amoun t  o f  s o l u t i o n s  t h a t  s o l u t i o n  which 
l e a s t  v i o l a t e s  t h e  d r i f t  requirements. 
/Is 
Such incomplete cor rec t ions  can be designated as d i f f e r e n t i a l  
Hohmann t r a n s i t i o n s .  They have t h e  advantage t h a t  they  a r e  always 
p o s s i b l e  and i n  a d d i t i o n  a r e  optimal from a f u e l  consumption s tandpoin t .  
The approximation becomes the b e t t e r ,  t he  l a r g e r  one i s  a b l e  t o  
s e l e c t  t he  va lues  o f  ml and m2 which, however, i s  l i m i t e d  e s s e n t i a l l y  
by LE o r  by t h e  time TE a v a i l a b l e  f o r  o r b i t  co r rec t ion .  
Complete and a t  t h e  same time fuel-opt imal  east-west c o r r e c t i o n s  
can be achieved by t h e  add i t ion  o f  a t h i r d  t h r u s t .  
With bRK = 0 and 
(20) Lk = L o + m p  k = 1,2 ,3  
one obta ins  f r o m  equation (5)  by m u l t i p l i c a t i o n  by cos-Lo and s i n e  Lo 
a t  f i r s t  




A 1  ( 2 2 )  tanLO = - . 
- 
Furthermore one obt;ains as an  expansion o f  equat ion (17) t he  l i n e a r  
system o f  equations 
which can be solved for vk f o r  a l l  combinations o f  m k ,  f o r  which t h e  
determinant does no t  vanish.  Thus one obta ins  a 3-parameter group 
o f  so lu t ions .  The c r i t e r i o n  o f  t h e  sma l l e s t  v e l o c i t y  increment 
here  i s  not s u f f i c i e n t  f o r  an equivocal determinat ion o f  rnk s i n c e  
many fuel-equal  so lu t ions  r e s u l t .  A s  an a d d i t i o n a l  c r i t e r i o n  one 
can then use ,  f o r  i n s t ance ,  t h e  maximum l o n g i t u d i n a l  dev ia t ion  
f ‘max which appears  up t o  time TE. 
/2c 
Natura l ly  t h e  presented  method can be expanded f o r  a g r e a t e r  
However, t h e  thus  r e s u l t i n g  
number K > 3 o f  t h r u s t s ,  whereby t h e  number o f  the poss ib l e  combinations 
o f  the  mk va lues  i s  a l s o  increased .  
amount o f  so lu t ions  i s  l i m i t e d  by t h e  time TE, s ince  pe r  r e v o l u t i o n  
o f  t h e  s a t e l l i t e  a t  most  2 east-west t h r u s t s  come i n t o  cons idera t ion .  
A l l  s o l u t i o n s  thus  obtained a r e  only approximate because o f  the  
assumption (15). 
one i n c r e a s e s  on t h e  right-hand s ide  o f  equat ion (17) o r  (23)  t h e  
The accuracy can be increased  by i t e r a t i o n  if 
by the  term ’ Ah2+Alz’ ~\ $ expression 
K 
t 
k= 1 Vk vk! 
1 s in-nV- 
- . 2  . bTk 
1 -nV- 
bTk 
which f o r  the-Oth i t e r a t i o n  is  s e t  equal t o  zero and subsequently 
ca l cu la t ed  with t h e  va lues  vk which were obtained f r o m  t h e  preceding 
i t e r a t i o n .  
S ince  the  burning t imes rk a r e  shortened with inc reas ing  value 
o f  K ,  t h e  Oth i t e r a t i o n  must be the  more accura te  t h e  l a r g e r  one 
s e l e c t s  t h e  number of  t h r u s t s  K .  Even t h e  f u e l  consumption 
simultaneously becoming lower would suggest tha t  one choose K as 
l a r g e  as p o s s i b l e .  However, s ince  the  f u e l  requi red  f o r  t h e  east-west 
c o r r e c t i o n  i s  a l r eady  r e l a t i v e l y  small, t h e r e  thus  r e s u l t s  on ly  
a minor savings which, because of t h e  increased  expenditures during 
c a l c u l a t i o n  and t h e  carrying-out  o f  numerous t h r u s t s  would pay 
only i n  s p e c i a l  cases .  
4. Optimum s t a t i o n  keeping during opera t iona l  l i m i t a t i o n s  
The s t a t i o n  keeping s t r a t e g i e s  and methods f o r  c a l c u l a t i n g  the  
t h r u s t  t imes ,  mentioned i n  the  previous s e c t i o n s ,  a r e  only u s e f u l  
if t he  c a l c u l a t e d  t h r u s t s  can be c a r r i e d  out  without l i m i t a t i o n s .  
However, i f  one must f i g u r e  t h a t  f o r  mission-engineering reasons  
t h e  propmlsion system cannot be deployed o r  only t o  a reduced ex ten t  
a t  c e r t a i n  t imes ,  t h e  t h r u s t  s t r a t e g y  must be determined i n  another  
way . 
I n  the  following we assume t h a t  such l i m i t a t i o n s  a r e  known 
i n  advance a t  l e a s t  f o r  a co r rec t ion  cyc le  o f  dura t ion  TE - T o  and 
t h a t  they a r e  such t h a t  wi th in  prescr ibed  time i n t e r v a l s  no t h r u s t s  
o r  on ly  reduced t h r u s t s  a r e  poss ib le .  
i n  s p i t e o f  such Limi ta t ions  a s t a t i o n  keeping as accura te  as 
poss ib l e  wi th  minimum f u e l  consumption becomes an opt imiza t ion  
problem which can be formulated as f o l l o w s :  








T2k-l  9T2k 
s t a r t i n g -  and f i n a l  time o f  a c o r r e c t i o n  cycle  
i n i t i a l  va lues  o f  t h e  geos t a t iona ry  elements 
t a r g e t  va lues  o f  geos t a t iona ry  elements a t  the  end 
o f  t h e  cyc le  
element changes during t h e  time i n t e r v a l  ( T o , T E )  as t h e  
r e s u l t  o f  l ong  dura t ion  d is turbances  
number of t h e  intended t h r u s t s  
lower and upper l i m i t s  of t he  time i n t e r v a l s  during 
which one t h r u s t  each can occur. ( k  = 1 , 2 ,  ..., K) 
r a d i a l ,  t a n g e n t i a l ,  and normal  a c c e l e r a t i o n  components 
o f  kth t h r u s t s  ( k  = 1,2, o.m,K) 
sum o f  t h e  a c c e l e r a t i o n  values  o f  t h e  engines tak ing  
p a r t  i n  t h e  kth t h r u s t .  
es t imated  va lues  f o r  the  s t a r t i n g -  and shut-off  t imes 
( k  = 1 , 2 , . * * , K )  
bk 
(k = 1, ..., K )  
- - to 0 
t2k-ly 2k 
We seek the  fol lowing:  /22 
s t a r t i n g -  and shut-off  t imes o f  t he  t h r u s t  s o  t h a t  the  
secondary condi t ions  a r e  s a t i s f i e d  and t h a t  t h e  c o s t  
f u n c t i o n  i s  minimized ( k  = 1 , 2 , .  . .K). 
t2k-l  ’ t2k 
The secondary cond i t ions  a r e :  
k=l ,2 , .  , . ,I; , < < L = t2k = TZk ( 2 5 )  T2k-l - t2k-l 
The c o s t  func t ion  i s  def ined by t h e  following expression:  
b 
2 2  (26) 0 = I: Gi(Ei-Ei ) +G,AV , 
i = l  J 
where Gi a r e  s u i t a b l y  chosen masses, Ei t h e  geos ta t ionary  elements 
a t  t h e  end o f  t he  c o r r e c t i o n  cycle  and 
t h e  t o t a l  v e l o c i t y  increment propor t iona l  t o  t h e  f u e l  consumption. 
I .  
The Ei .values a re  def ined by 
(i=l, * .  . ,5) , 
o r  
and by equat ions ( 4 )  - ( 9 )  as func t ions  o f  t h e  t2k -l,t2k. The 
long-term d is turbances  6Ei may be approximated wi th in  a co r rec t ion  
cyc le  by l i n e a r  o r  6E6 by quadra t ic  func t ions .  
Na tu ra l ly  t h e r e  are many o ther  p o s s i b i l i t i e s  t o  def ine t h e  
c o s t  func t ion  and t h e  secondary condi t ions .  Thus i t  would suggest 
i t s e l f ,  f o r  i n s t a n c e ,  t o  in t roduce  t h e  exac t  a t ta inment  o f  t h e  
t a r g e t  o r b i t  w i t h  Ei - E: = 0 as secondary condi t ions  and merely 
t o  minimize AV. However, such a method would f a i l  i n  those cases  
where t h e  t a r g e t  o r b i t  cannot be achieved a t  a l l  because of 
ope ra t iona l  r e s t r i c t i o n s .  
The formulat ion chosen here  has t h e  f o l l o w i n g  advantages; 
o There always e x i s t s  a so lu t ion .  
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A l l  secondary condi t ions  a r e  l i n e a r  in  t h e  v a r i a b l e s  tzk -1, tzk. 
The c o s t  func t ion  can be d i f f e r e n t i a t e d  everywhere. 
The minimization of t h e  c o s t  f u n c t i o n -  l e a d s  t o  a compromise 
s o l u t i o n  between s t a t i o n  keeping accuracy and f u e l  requirement, 
which can be displaced by a s u i t a b l e  choice o f  t h e  weighting 
i n t o  t he  one o r  the  o ther  d i r ec t ion .  
By s e t t i n g  t h e  corresponding weight func t ions  equal t o  zero one 
can l i m i t  t h e  method t o  pure north-south or east-west  s t a t i o n  
keeping. 
The above-formulated opt imizat ion problem can be solved with the  
a i d  o f  t h e  one o f  t he  numerous opt imizat ion methods found i n  t h e  
l i t e r a t u r e ,  f o r  which completed computer programs a r e  a l s o  a v a i l a b l e .  
a r e  obtained f r o m  t h e  0 0 The est imated va lues  tzk - , tZk 
a n a l y t i c a l  s o l u t i o n  o f  t h e  u n r e s t r i c t e d  problem according t o  t he  
method o f  s e c t i o n  3. 
5 .  Appl ica t ion  example 
I n  t h i s  s e c t i o n  we s h a l l  determine t h e  optimum s t a t i o n  keeping 
s t r a t e g y  f o r  a randomly s e l e c t e d  example. Here we make use o f  a 
combination of t h e  a n a l y t i c a l  procedures according t o  s e c t i o n  3 and 
t h e  opt imizat ion methods according t o  s e c t i o n  4. F i r s t  t h e  
u n r e s t r i c t e d  problem i s  solved. From the  many s o l u t i o n s  we s e l e c t  
one which i s  a f f e c t e d  the  l e a s t  by t h e  ope ra t iona l  c o n s t r a i n t s .  
I t  provides  the  est imated values  f o r  t h e  fol lowing opt imiza t ion  
method "Generalized Reduced Gradient Method" [SI, which f i n a l l y  
provides  t h e  des i r ed  switching t imes f o r  t h e  r e s t r i c t e d  problem. 
/24 
The geos ta t ionary  elements o f  the i n i t i a l  o r b i t  without 
short- term e f f e c t s  should be on 1/1/1983, Oh WZ: 
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The value o f  D i s  chosen such t h a t  w i t h  t h e  secu la r  per turbance o f  
X i t  a t t a i n s  t h e  va lue  o f  zeroo 
The t a r g e t  o r b i t  should be equal  t o  t h e  s t a r t i n g  o r b i t  and 
should be reached a f t e r  1 0  days s o  t h a t  t he  following d is turbances  
occurr ing during t h e  1 0  days must be compensated by o r b i t  co r rec t ions .  
~p = 268.44 
Ah = 18.21  l o m 6  Aq =- 69.37 
A1 = 59.30 A A  = 272.76 
6 AD = -11.33 10- 
These va lues  were ca l cu la t ed  according t o  [5] f o r  a s a t e l l i t e  
i n  a 19' west requi red  p o s i t i o n  w i t h  1058 kg mass and 35 m2 e f f e c t i v e  
c ross -  s ec t ion .  
Le t  t h e  propuls ion system, which i s  planned f o r  the  opera t iona l  /25 
TV-sa te l l i t e  missions,  c o n s i s t  o f  4 e l e c t r i c a l  engines w i t h  0.01 N 
t h r u s t  each which are a t tached  t o  t h e  s a t e l l i t e s  i n  the  sky d i r e c t i o n s  
NE, NW, SW, SE. Thus one p a i r  o f  engines must always be s t a r t e d  
s imultaneously i n  order t o  achieve t h r u s t s  i n  north-south o r  ea s t -  
west d i r e c t i o n  ( f i g u r e  5 ) .  Since t h r u s t s  can be produced t o w a r d  the 
n o r t h  as wel l  as t o w a r d  the south ,  t w o  north-south c o r r e c t i o n s  
a r e  poss ib ly  d a i l y .  
The r e s u l t s  shown i n  f i g u r e s  6 t o  14 were obtained with t h e  a i d  
o f  a computer program which c o n s i s t s  of  2 p a r t s .  I n  t h e  1. part  we 
. programmed e s s e n t i a l l y  t h e  equat ions ( 9 )  t o  (24 )  f r o m  which t h e  
s o l u t i o n s  f o r  t he  u n r e s t r i c t e d  problem are obtained. Then we 
searched according t o  t h e  c r i t e r i a  o f  a minimum f u e l  consumption, 
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lowest l o n g i t u d i n a l  devia t ion ,  and lowest l o s s e s  r e s u l t i n g  f r o m  
the p roh ib i t ed  times au tomat ica l ly  f o r  t he  most  favorable  s o l u t i o n  and 
modified t h e  c o n s t r a i n t s  accordingly.  The s a t e l l i t e  d a t a ,  t he  
a c c e l e r a t i o n  v e c t o r s  produced by the  propuls ion system, and t h e  
type o f  east-west c o r r e c t i o n s  (number o f  t h r u s t s ,  complete o r  
incomplete c o r r e c t i o n s )  as wel l  as t h e  opera t iona l  c o n s t r a i n t s  
a r e  f i x e d  by t h e  inpu t  while t h e  t a r g e t  o r b i t  i s  def ined by a 
subprogram which can be exchanged a t  any time. 
I n  the  second p a r t  we c a l l  out the  subprogram GRGA a f t e r  
p repa ra t ion  o f  t h e  inpu t  data, whose r e s u l t s  a r e  used t o  s imulate  
the  t ime-re la ted  course o f  t he  geos ta t ionary  elements. The 
opt imizat ion can be c a r r i e d  out i n  succession f o r  s e v e r a l  weightings.  
The number o f  t h e  weightings and t h e  weighting f a c t o r s  a r e  input .  
The s o l u t i o n  o f  t he  u n r e s t r i c t e d  problem i n  accordance w i t h  
t h e  method descr ibed i n  s e c t i o n  3 i s  shown i n  f i g u r e  6 .  The 20 
t h r u s t s  f o r  t he  north-south co r rec t ions  las t  d a i l y  2-times 9.8 hours 
and t a k e  p lace  s h o r t l y  a f t e r  midnight o r  during the  e a r l y  af ternoon 
(world-time).  
O f  t h e  3 planned east-west t h r u s t s  one with only ~ 0 . 3  hours 
dura t ion  occurs on t h e  evening o f  t he  f i f t h  day and t w o  w i t h  about 
equal du ra t ion  ( ~ 0 . 9  o r  0.8 hours)  on the  morning and evening o f  
s o l u t i o n s  w a s  made i n  accordance wi th  the  c r i t e r i a  o f  minimum f u e l  
consumption requirements and maximum long i tud ina l  dev ia t ion  as 
small as poss ib l e  during the course of the  1 0  days. 
t he  seventh day. The s e l e c t i o n  f r o m  t h e  l a r g e  number o f  p o s s i b l e  /26 
If now t h i s  s o l u t i o n  i s  l i m i t e d  by the  f a c t  t ha t  t h e  engines 
cannot be turned on during c e r t a i n  t imes ,  then the  
def ined i n  t h e  4. s e c t i o n  is being used. 
A t  f i rs t  we aga in  s e l e c t  f rom the  l a r g e  number 
east-west c o r r e c t i o n s  o f  t h e  u n r e s t r i c t e d  problems 
opt i m i  z a t  i o n  me t h o  d 
o f  s o l u t i o n s  f o r  t he  
t h e  most  favorable  
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one, whereby an  a d d i t i o n a l  c r i t e r i o n  s t a t e s  t h a t  t h e  s e l e c t e d  
s o l u t i o n  must be a f f e c t e d  as l i t t l e  as poss ib l e  by t h e  c o n s t r a i n t s .  
Then t h e  t h r u s t  times c o l l i d i n g  w i t h  t h e  p roh ib i t ed  t imes a r e  
shortened appropr i a t e ly  o r  e l iminated e n t i r e l y .  The remaining 
t h r u s t  t imes serve  as est imated values  f o r  t he  opt imizat ion method 
GRGA f o r  t h e  s o l u t i o n  o f  t h e  r e s t r i c t e d  problem. 
The weighting f a c t o r s  G i  i n  equation ( 2 6 )  were chosen such 
t h a t  t h e  c o s t  func t ion  has  a minimum f o r  a l l  elements for dev ia t ions  
o f  about The p roh ib i t ed  t imes assumed f o r  t h i s  example and 
t h e  r e s u l t i n g  t h r u s t  t imes a r e  p l o t t e d  i n  f i g u r e  7. Because o f  
t h e  omission o f  s eve ra l  north-south t h r u s t s  t h e  remaining t h r u s t  
t imes a r e  correspondingly longer  thm shown i n  f i g u r e  6 .  Even t h e  
east-west t h r u s t s  a r e  pos i t i oned  d i f f e r e n t l y  because m o t h e r  s o l u t i o n  
of t h e  u n r e s t r i c t e d  problem, not  a f f e c t e d  by t h e  p r o h i b i t i o n  t imes,  
w a s  used t o  f o r m  t h e  est imated values .  
I n  f i g u r e s  8 t o  13 t h e  time course o f  t h e  geos ta t ionary  elements 
during the  10-day s t a t i o n  keeping cyc le  i s  simulated f o r  4 d i f f e r e n t  
ca ses .  Per turbances w i t h  per iods below 1 month a r e  not  taken 
in to  account 
A s  expected t h e  s t a t i o n  keeping i s  m o s t  accura te  f o r  t h e  
u n r e s t r i c t e d  case while t h e  opt imizat ion l e a d s  t o  s a t i s f a c t o r y  
r e s u l t s  a l s o  f o r  t h e  r e s t r i c t e d  caseo  However, i f  one pursues 
i n  s p i t e o f  t h e  c o n s t r a i n t s  t h e  s t r a t e g y  o f  t he  u n r e s t r i c t e d  problem, 
one ob,$ains as the  r e s u l t  o f  the  omissions considerable  dev ia t ions  
f rom t h e  r equ i r ed  o r b i t ,  which under c e r t a i n  circumstances can be 
g r e a t e r  than without any s t a t i o n  keeping. This i s  t o  be f e a r e d ,  
f o r  example, whenever an  important east-west t h r u s t  i s  omitted 
( f i g u r e  13).  
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The t o t a l  v e l o c i t y  increment f o r  t he  1 0  days o f  s t a t i o n  keeping 
is  increased  as t h e  r e s u l t  o f  t h e  opera t iona l  c o n s t r a i n t s  only 
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i n s i g n i f i c a n t l y  by 3.5% f rom 2.57 m / s  t o  2.66 m / s o  
For f i g u r e  14 we simulated t h e  m o t i o n  o f  t he  s a t e l l i t e s  w i th  
a l l  per turbances and c o r r e c t i o n s  i n  order t o  demonstrate t h e  e f f e c t  
of p o s i t i o n  keeping wi th  e l e c t r i c a l  p ropuls ion  engines. Because 
o f  t h e  c l o s e  sequence o f  t h e  o r b i t  c o r r e c t i o n  only a very s m a l l  
p a r t  of the a v a i l a b l e  to le rance  window i s  used, However, i t  
must be poin ted  out t h a t  n e i t h e r  o r b i t  model e r r o r s  nor execut ion 
e r r o r s  nor o r b i t  determinat ion errors were taken i n t o  account 
i n  the s imulat ion.  
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Figure 1: Perturbances of  the d r i f t  r a t e  D and t h e  l o n g i t u d i n a l  
dev ia t ion  X o f  a geos ta t ionary  s a t e l l i t e  i n  19' west geographical  
l ong i tude ,  s t a r t i n g  on 1/1/1983. 
2 t h e  e f f e c t i v e  c ross -sec t ion  35 m . The pa rabo l i c  curve shows t h e  long 
du ra t ion  course w i t h  time markings i n  days,  t h e  cross-hatched area 
denotes the v a r i a t i o n  wid th  o f  the  per turbances with per iods  under 
one month, The l e f t  o rd ina te  s c a l e  g i v e s  t h e  values  o f  t h e  d r i f t  r a t e  
D defined i n  equat ion (1) while on t h e  r i g h t  t h e  to-be-observed d a i l y  
l o n g i t u d i n a l  change x = Dn + Xo i s  p l o t t e d .  I n s p i t e  o f  the  f avorab le  
l o n g i t u d i n a l  p o s i t i o n  removed a few degrees f r o m  an extreme of t h e  
e a r t h  p o t e n t i a l  t h e  l o n g i t u d i n a l  devia t ion  reaches a l r eady  a f t e r  
about 3 weeks the  value o f  0 . l o ,  which is o f t e n  demanded as 
to l e rance  l i m i t  f o r  f u t u r e  geos ta t ionary  s a t e l l i t e s .  
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re 2 :  Perturbances of the eccentricity vector (1,h) of a 
2 geostationary satellite weighing 1058 kg with 35 m 
effective cross-section in 19' western longitude', starting 
on 1/1/1983. The curve with the time markings denotes the 
long-term orbit changes while the cross-hatched area 
represents the variation width of the perturbances with 
periods under 1 month. After 50 days the eccentricity 
attains the value of about 3 ' 10- which corresponds 
to a swing with 0.034' longitudinal amplitude. 
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Figure 3: Perturbances of  the elements q and p of a geostationary 
satellite weighing 1058 kg with 35 m2 effective cross-section at 19' 
western. longitude, starting on %1/1/1983. The solid curve shows the 
long-term changes while the dashed curve also contains perturbances 
with periods under 1 month. 
originating f rom the moon stands out clearly while all other short- 
period terms are unnoticeably small. Here the tolerance limit of 
0.1' inclination is exceeded after about 33 days. 
The 14 day period of a perturbance member 
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Figure 4: The v e l o c i t y  increment AV necessary f o r  an i n c l i n a t i o n  N 
cor rec t ion  o f  0.1' as func t ion  o f  t h e  number o f  t h r u s t s  K 
f o r  a north-south a c c e l e r a t i o n  bN = 1 0  km/s. The 
l i m i t i n g  value AV; l i e s  near 5.366 m/s, 
c o r r e c t i o n  cannot be achieved with fewer than  20 t h r u s t s .  
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Figure 5: The e l e c t r i c a l  propuls ion system, cons i s t ing  of 4 engines ,  
planned f o r  the  opera t iona l  TV-sa te l l i t e  missions. 
engines  must be inc l ined  toward  t he  north-south d i r e c t i o n  i n  order 
t o  avoid contamination o f  t he  solar paddles.  
compass d i r e c t i o n s  can be achieved w i t h  t he  arrangement shown 
by pa i r ed  engine starts. 
The axes of t he  
Thrusts  i n  a l l  4 
El B 
F i n r e  6 :  Thrust  t imes f o r  s t a t i o n  keeping o f  a geos t a t iona ry  s a t e l l i t e  
weighing 1058 kg wi th  35 m 
longi tude  from January 1-10, 1983. It w a s  assumed t h a t  t h e  propuls ion 
system shown i n  f ig .  5 can be operated without r e s t r i c t i o n s .  
2 e f f e c t i v e  c ross -sec t ion  a t  19' western 
The v e r t i c a l l y  cross-hatched f i e l d s  r ep resen t  t h e  north-south t h r u s t s  
whose d a i l y  times a r e  pushed back somewhat f r o m  day t o  day and which 
during one year  would move away by a whole day, The combination o f  
3 east-west t h r u s t s  w a s  s e l e c t e d  i n  accordance with t h e  c r i t e r i a  o f  
t h e  minimum v e l o c i t y  increment and the  minimum long i tud ina l  devia t ion  








Figure 7: T h r u s t - t i m e s  f o r  s t a t i o n  keeping o f  a geos t a t iona ry  s a t e l l i t e  
as i n  f i g u r e  6 ,  bu t  by tak ing  i n t o  account p roh ib i t ed  t imes which 
r e s t r i c t  t h e i r  operat ion.  They were f i x e d  a r b i t r a r i l y  and a r e  
p l o t t e d  as open f i e l d s .  Since t h e  combination o f  east-west t h r u s t s  
shown i n  f i g u r e  6 must be voided because o f  the  p roh ib i t ed  times, 
we s e l e c t e d  a s o l u t i o n  which, a l though somewhat l e s s  favorable  with 
r e s p e c t  t o  l o n g i t u d i n a l  dev ia t ion ,  w a s  no t  a f f e c t e d  by the  c o n s t r a i n t s .  
Compared t o  t h e  unconstrained case the  f u e l  consumption i s  increased  
by about 3.5%. 
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Figures 8 - 12: Simulation of the time course o f  the 6 geostationary 
elements during the 10 day station-keeping cycle 
without taking into account perturbance effects 
with periods under one month. 
& 
curves 1: shape without station keeping 
%urves 2: shape f o r  unconstrained station keeping 
curves 3: shape for operational constraints not 
curves 4:  shape f o r  included operational constraints 
included i n  calculations 
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Figure 14: The a r e a  occupied i n  a to l e rance  window of  t 0.1' a t  19' 
west as the r e s u l t  o f  longi tude  and l a t i t u d e  s a t e l l i t e  movements 
during t h e  1 0  day cyc le ,  t ak ing  a l l  per turbances i n t o  account. 
dark reg ion:  
cross-hatched a r e a :  for optimized s t a t i o n  keeping wi th  c o n s t r a i n t s  
empty a rea :  without s t a t i o n  keeping. 
f o r  u n r e s t r i c t e d  s t a t i o n  keeping 
